For y 2 IR >0 an integral ideal of an algebraic number eld F is called y{smooth if the norms of all of its prime ideal factors are bounded by y. Assuming the generalized Riemann hypothesis we prove a lower bound for the number F (x; y) of integral y{smooth ideals in F whose norms are bounded by x 2 IR >0 . Apart from x and y this bound only depends on the degree of F.
Introduction and result
Let F be an algebraic number eld of discriminant F . For y 2 IR >0 an integral ideal of F is called y{smooth if the norms of all of its prime ideal factors are bounded by y. The number of integral y{smooth ideals of F whose norms do not exceed x 2 IR >0 is denoted by F (x; y). In this paper we prove the following result. 1 . Theorem Assume that the Generalized Riemann Hypothesis (GRH) is correct. For any n 2 IN and for any 2 IR >0 there is an e ectively computable constant x 0 ( ; n) 2 IR >0 such that for any x; y 2 IR >0 with x > x 0 ( ; n) and for every algebraic number eld F of degree n satisfying maxf(log x) 1+ ; (log j F j) (1)
Research supported by the Deutsche Forschungsgemeinschaft the following inequality holds:
F (x; y) x exp ?u log u + log log u + O 1 + logñ ; (2) where u = log x log y andñ is the degree of the normal closure of F over Q. For F = Q this result was proved by Pomerance 5] . It was generalized to imaginary quadratic elds F by Seysen 6] , 7] see also Lenstra and Pomerance 3] . Our theorem can be used to analyze the complexity of the probabilistic class group and regulator algorithm, which was presented in 1]. Hazlewood 2] and others obtained results which look similar to Theorem 1. In those statements, however, the number eld is xed whereas in our theorem the estimates only depend on the degree of the normal closure of the number eld.
The proof
Let ; x; y 2 IR >0 , n 2 IN and let F be an algebraic number eld of degree n satisfying the conditions of Theorem 1. Let N be the normal closure of F. A prime number p is totally decomposed in N if it is unrami ed in N and all prime ideals of N lying over p have norm p. Let P be the set of all those totally decomposed prime numbers. Count by P (x; y) the number of positive rational integers x whose prime factors do not exceed y and all belong to P. Then we get a lower bound for F (x; y) by the following result. 2. Lemma F (x; y) P (x; y).
Proof: For each prime number p 2 P there is a prime ideal of norm p in N and therefore there is a prime ideal }(p) of norm p in F. Let is an integral ideal of F, which is counted by P (x; y). The assertion follows from the fact that the map a 7 ! A(a) is injective.
We will now prove a lower bound for P (x; y). Let u = log x log y as in Theorem 1. From (1) it follows that log u log log x?(1? ) log log x. Choose x 1 = x 1 ( ) such that log u 3 for every x x 1 for every x > x 2 .
Next, we prove a lower bound for P (w(m)). As in Theorem 1 we denote byñ the degree of the normal closure N of F over Q.
5. Lemma Assume that the GRH is correct. Then for any 2 IR >0 there is a computable constant w 1 = w 1 ( ; n) > 0 such that Also, we have log log u 0 for x > x 1 , as we saw above. Therefore 1 m : (6) 
